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Assuming a well-behaving quantum-to-classical transition, measuring large quantum systems
should be highly informative with low measurement-induced disturbance, while the coupling be-
tween system and measurement apparatus is “fairly simple” and weak. Here, we show that this is
indeed possible within the formalism of quantum mechanics. We discuss an example of estimating
the collective magnetization of a spin ensemble by simultaneous measuring three orthogonal spin
directions. For the task of estimating the direction of a spin-coherent state, we find that the average
guessing fidelity and the system disturbance are nonmonotonic functions of the coupling strength.
Strikingly, we discover an intermediate regime for the coupling strength where the guessing fidelity
is quasi-optimal, while the measured state is almost not disturbed.
I. INTRODUCTION
In everyday life we continuously perform measure-
ments. For instance, to locate our friends we perform
some kind of position measurements; similarly to read
this text. Presumably all this can be described with
the quantum formalism. But, obviously, these measure-
ments are not of the standard von Neumann projective
kind. They are highly noninvasive while still collecting
a large amount of information in a global, single shot.
Additionally, from a physical point of view, we expect a
fairly simple coupling between system and observer. We
call measurements that fulfill these requirements “macro-
scopic quantum measurements”. Our goal is to see if and
how macroscopic quantum measurement can be realized.
For concreteness, think of a magnet whose N atoms
are idealized by spin 1/2 particles and assume that all
spins are aligned parallel to an unknown direction ~u ∈
R. By a freely selectable measurement, we are asked
to estimate ~u. We define the score function cos2 θ/2,
where θ is the angle between ~u and the best guess ~w.
This task can be seen as a simultaneous measurement of
the magnetization in the three principal directions x, y
and z. The corresponding measurement operators are
collective spin operators Sx =
1
2
∑
i σ
(i)
x (and similarly
for y and z). The maximal average guessing fidelity is
Fopt = (N + 1)/(N + 2) = 1 − 1/N + O(N−2), which
is achievable either with nontrivial, entangling projective
measurements or with a continuous general measurement
with elements Ω(~r) ∝ |~r〉〈~r|⊗N [1]. The same fidelity can
be asymptotically reached by random measurements on
individual spins [2].
Here, in order to realize the simultaneous measurement
of x, y and z, we build upon von Neumann’s measure-
ment model by coupling all three observables Sx, Sy and
Sz to three independent pointers. Each pointer is then
individually measured and the results are processed to
guess ~w [3]. (This is in the spirit of the Arthurs-Kelly
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model [4], where position and momentum are coupled to
two individual pointers.) In the strong coupling regime,
this measurement corresponds to randomly choosing a
direction ~n and to strongly measure along this axis [3].
This measurement model leads to an average fidelity of
3/4 (i.e., far away from the optimal value) for large N
[5].
The coupling strength between system and pointers
influences the guessing fidelity and the measurement-
induced disturbance. As shown by Poulin [6], the mea-
surement of a single observable (e.g., only Sx) is more
informative and more disturbing as the coupling strength
increases for a natural choice of the initial pointer state
and the final measurement. For N parallel spins mea-
sured in any direction, it turns out that the system is
asymptotically undisturbed if the coupling is much less
than N−1/2 [6]. Poulin then suggested to perform many
measurements in this weak coupling regime; potentially
for several noncommuting observables. He conjectured
that this should eventually give maximal information
about the initial state without disturbing it. However,
apart from practical questions, the limit of information
FIG. 1. Average fidelity Fav for guessing the unknown state
as a function of the inverse coupling strength ∆ for N =
1, . . . , 4 (from bottom to top). The dashed lines correspond
to the optimal value Fopt. For N ≥ 2, the global maximum is
reached by some nonzero ∆ and is close to the optimal value.
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2gain and the measurement-induced disturbance of “in-
finitely many and infinitely weak” measurements is un-
clear so far. Other contributions, like Ref. [7], discuss the
influence of the coupling strength, but do not compare
to optimal strategies.
In this paper, we present an example of the surpris-
ing nonmonotonic relation between information gain,
measurement-induced disturbance and the coupling
strength when noncommuting observables are simulta-
neously measured. By studying the example of estimat-
ing the direction of parallel spins, we find an intermedi-
ate regime for the coupling strength where the average
guessing fidelity is numerically very close to the optimal
value Fopt; both for small and large N . In the very same
coupling regime, the measurement-induced disturbance is
small, in particular as N increases. More specifically, the
averaged Bloch vector of the post-measured states is al-
most identical with the initial state, meaning that repeat-
ing the protocol by independent observers gives almost
the same estimates. We claim that the quasi-optimal
information gain and small measurement-induced distur-
bance is reminiscent of classical measurements. In this
sense, the presented model is an example of a quantum
measurement that behaves classically for large system
sizes.
II. GENERAL MEASUREMENT MODEL AND
AVERAGE FIDELITY
In the following, we denote a normalized spin state
orientated in the direction of a general vector ~x ∈ R3
by |~x〉 ∈ C2. Generally, we consider a scheme where the
system state |~u〉⊗N is coupled to a measurement appa-
ratus |φ〉 –called pointer– through virtue of an interac-
tion Hamiltonian Hint. Afterwards, the pointer is mea-
sured. This procedure is often referred to as the von
Neumann measurement model [8–10]. For simplicity, the
coupling with strength µ is uniformly switched on for a
unit time and dominates meanwhile all other processes;
thus U = exp(−iµHint). After this the joint state of sys-
tem and pointer reads U |φ〉 ⊗ |~u〉⊗N . The subsequent
measurement of the pointer is modeled by a projective
measurement with outcome ~r for the eigenvectors |ψ~r〉.
(The dimension of ~r depends on the pointer space.) This
outcome is then classically processed. Knowledge about
the initial pointer state, the coupling and the final mea-
surement allows one to calculate the optimal guess state
|~w~r〉. So far, this is a fully general measurement proce-
dure and is linked to the Kraus operator formalism via
E(~r) = 〈ψ~r|U |φ〉 . (1)
To measure the accuracy of the measurement proce-
dure we choose the average fidelity |〈~w~r| ~u〉|2. The aver-
age score is then given by
Fav =
∫
d~u
4pi
∫
d~r p(~r|~u) |〈~w~r|~u〉|2, (2)
where p(~r|~u) = ‖E(~r) |~u〉⊗N‖2 is the probability to get
outcome ~r given that the initial state was |~u〉⊗N .
A typical instance is a pointer with one spatial degree
of freedom [6]. For example, the initial spatial wave func-
tion of the pointer is a Gaussian function with spread ∆.
In order to measure an observable A, one then defines
Hint = p⊗A, where p represents the displacement oper-
ator in the pointer space, which is formally equivalent to
the momentum operator. Thus, the coupling induces a
momentum kick on the pointer whose strength depends
on the initial system state. Finally, a position measure-
ment of the pointer allows some inference about the sys-
tem. Information gain and invasiveness of this procedure
manifest themselves in the relationship between the cou-
pling strength µ, the spread of the Gaussian, ∆, and
the spectrum of the eigenvalues of the operator A. By
redefining ∆, one can set µ = 1 without loss of general-
ity. Thus, the coupling strength of the measurement is
proportional to ∆−1. A ∆ small compared to the spec-
tral gap of A corresponds to a strong coupling that re-
solves the individual eigenvalues. The momentum kicks
induced by two nearby eigenstates of A are distinguish-
able. On the other side, a ∆ large compared to the spec-
tral gap of A means that system states prepared in neigh-
boring eigenstates cannot be well distinguished. This is
the regime of fuzzy measurements [10]. Note that the
maximal information gain and the maximal disturbance
are typically realized in the limit of a vanishing ∆, that
is, when the pointer model approaches the ideal projec-
tive measurement ofA. Hence, even for largeN , the basic
idea of small invasiveness and large information gain does
not seem to be reachable with this simple construction.
III. SPECIFIC MODELING
To measure the direction of |~u〉⊗N , a pointer with three
spatial degrees of freedom seems to be more appropriate.
We choose
|φ〉 = 1
(2pi∆2)3/4
∫
dxdydz e−
(x2+y2+z2)
4∆2 |x〉 |y〉 |z〉, (3)
where x, y and z denote the coordinates of the pointer.
The spatial distribution is a rotationally invariant Gaus-
sian function with spread ∆. The direction of |~u〉⊗N is
determined by the three expectation values of the col-
lective spin operators Sx, Sy and Sz. Thus, a classically
inspired interaction Hamiltonian reads
Hint = px ⊗ Sx + py ⊗ Sy + pz ⊗ Sz = ~p · ~S, (4)
which follows the pattern of the Arthurs-Kelly model.
The pk for k = x, y, z represent the displacement opera-
tors in the x, y and z directions, respectively. Finally, a
position measurement with outcome ~r ∈ R3 is performed
on the pointer. We simply guess |~w~r〉 = |~r〉[11]. The
model is rotationally symmetric. Without loss of general-
ity, we hence consider a fixed input state |~u〉 = |eˆz〉 ≡ |↑〉.
3With p(~r) ≡ p(~r|eˆz), Eq. (2) then simplifies to
Fav = 2pi
∫
r2 sin θdrdθp(~r) cos2 θ/2, (5)
since p(~r) does not depend on the azimuthal angle.
In the limit ∆→ 0, the measurement model is subop-
timal and the average fidelity is Fav = 14 (3N+2)/(N+1)
for even N and Fav = 14 (3N + 5)/(N + 2) for odd N [3].
These values are bounded by 34 and are hence far away
from the optimal fidelity. As we will show now, the three
spatial dimensions of the pointer combined with non-
commuting operators in Eq. (4) involve a rich behavior
for nonvanishing ∆. In contrast to the one-dimensional
pointer, information gain and disturbance are not mono-
tonically related to the coupling strength.
IV. SMALL NUMBER OF SPINS
We start by calculating the average fidelity Fav for one
to four spins as a function of the spread ∆ of the Gaussian
pointer. In these cases the expression in Eq. (5) is easy
to work with due to the small number of spins. The
Kraus operators E(~r) of the interaction, Eq. (1), can be
derived analytically. The average fidelity is analytically
calculated in the case of one single qubit, while for more
spins the integration over the radial component of ~r is
performed numerically. The results are shown in Fig. 1.
For two or more spins the optimal ∆ is clearly distinct
from zero and Fopt (dashed lines in Fig. 1) can almost
be reached.
Analyzing the graph shown in Fig. 1 in more detail
reveals three distinct regions. For very small values of
∆ (i.e., in the strong coupling regime) the limits pre-
dicted in [3] are recovered, yielding an average fidelity of
2/3 for N = 1 and 2 and Fav = 7/10 for N = 3 and
N = 4, respectively. On the other extreme, for ∆ > 1,
we see that the average fidelity starts to decline rapidly.
This can be understood if one notices that after a cer-
tain value of ∆ the coupling is so weak that the procedure
is essentially equivalent to randomly guessing, therefore
yielding an average fidelity of 1/2. The intermediate re-
gion is particularly intriguing because in the case of two
and more spins the average fidelity is superior to what
can be achieved when ∆ → 0. This means that in this
case a lesser coupling strength can achieve better results
than a strong coupling.
V. LARGE NUMBER OF SPINS
For N > 4 the full calculation becomes cumbersome
without approximations. To continue with larger N , we
calculate a lower bound on Fav. For this, we resolve the
identity 1 = |~r〉〈~r|⊗N + (1 − |~r〉〈~r|⊗N ) and insert it in
the expression for p(~r). The reason for this choice is that
E(~r) is diagonal in the eigenbasis of ~r · ~S and the Kraus
operator leading to the optimal Fav should have a large
overlap with |~r〉〈~r|⊗N [12]. In the following, we bound
p(~r) ≥ | 〈~r|⊗N E(~r) |↑〉 |2N .
For general N , one has to find further simplifications
for p(~r). For an Fav scaling as 1−O(1/N) (i.e., the op-
timal scaling), it is necessary that |〈~r| ↑〉|2 = 1−O(1/N)
for almost all ~r which have O(1) support from p(~r).
Hence, the most important |~r〉 are O(1/√N)-close to |↑〉.
Inspecting the matrix element E~r = 〈~r|⊗N E(~r) |↑〉⊗N in
the momentum basis of the pointer,
E~r ∝
∫
d~pei~r·~pe−∆
2p2 〈~r|⊗N e−i~p·~S |↑〉⊗N , (6)
one notices that this implies ~p = O(1/
√
N), which
in turn means that ∆ = O(
√
N). In this regime, it
is advantageous to perform a Holstein-Primakoff trans-
formation [13] to express S+ = Sx + iSy as S+ =√
1− a†a/Na with [a†, a] = 1; similarly for S− = S†+
and Sz =
1
2 [S+, S−] =
N
2 − a†a. The input state |↑〉⊗N
is transformed to the vacuum |0〉, which is an eigen-
state of a with eigenvalue 0. The state |r〉⊗N corre-
sponds to a coherent state, since rotations on the Bloch
sphere are approximated by planer displacements. In
summary, we have the mapping 〈~r|⊗N e−i~p·~S |↑〉⊗N →
〈0| exp[f(a, a†)] |0〉 with a lengthy function f in a and a†.
The next step is to find the optimal value of ∆. For
this, we write exp[f(a, a†)] in a Taylor series for N →∞.
Keeping terms up to order O(1), one can analytically
calculate Fav and find a maximum for ∆opt =
√
N/8.
Heuristic arguments indicate that the following results
are asymptotically unchanged by adding o(
√
N) terms
to ∆opt.
In order to have more precise results for Fav, we take
into account terms up to order O(1/N) in the power se-
ries of exp[f(a, a†)]. We are still able to analytically inte-
grate over ~p in Eq. (6) and the radial part of ~r in Eq. (5).
The final integration over θ is done numerically. We find
that Fav & 1− N/N , where N seems to asymptotically
converge to a value slightly above one (see Fig. 2). This
indicates that the approximate lower bound does asymp-
totically not coincide with Fopt = 1 − 1/N + O(N−2).
However, the relative difference between the two clearly
goes to zero. Moreover, taking into account more matrix
elements in addition to Eq. (6) could reduce the gap.
VI. MEASUREMENT-INDUCED
DISTURBANCE
Interestingly, it turns out that the presented measure-
ment scheme is hardly invasive. To show this, we cal-
culate the quantum fidelity between the pre- and post-
measured state averaged over all measurement outcomes.
The post-measured state reads ρpost = TrpointerU |φ〉〈φ|⊗
|↑〉〈↑|⊗N U†. The disturbance is then defined to be
D = 1 − 〈↑|⊗N ρpost |↑〉⊗N . For calculating the trace
4FIG. 2. Scaling factor N . N(1 − Fav) from the approx-
imate lower bound on Fav (upper, blue curve) compared to
the optimal scaling factor N(1−Fopt) = (1 + 2/N)−1 (lower,
orange curve). For large N , N seems to stay slightly above
one, which indicates a nonoptimal lower bound. For N < 150,
the approximation clearly does not hold.
of ρpost it is most convenient to work in the momentum
basis of the pointer space. Then, simple manipulations
give
D = 1−
∫
d3p |φ(~p)|2 [1− sin2(p/2) sin2 θ]N . (7)
For Gaussian pointers, this can in principle be calculated
for any N .
For small N , we observe that the maximal D is found
for some ∆ > 0, which does however not correspond to
the ∆ leading to the maximal information (see Fig. 3).
For N  1, a closed formula is only found for an ap-
proximated integrand. Similar as before, we set ∆ =
c
√
N/8 and do a Taylor series for N →∞. In lowest or-
der, one finds the Lorentzian-like functionD = (1+c2)−1,
which does not indicate any particular behavior at c = 1,
for which Fav is maximal in the large N limit. Higher
orders exhibit simple, but long expressions in c, which
simplify for c = 1 to
D =
1
2
+
23
1440N2
+O
(
1
N3
)
. (8)
Hence, in the limit of large N , the disturbance is close to
the minimal disturbance Dmin = (N+1)/(2N+1) in the
case of optimal guessing fidelity [14]. A nonunit value
seems to indicate a rather severe change in the state.
We note, however, that the overlap between two states
|~u〉⊗N and |~w〉⊗N generally decays exponentially in N
unless the angle between ~u and ~w is at most O(1/
√
N).
A constant overlap for large N indicates an O(1/
√
N)
closeness between |↑〉⊗N and ρpost on the Bloch sphere.
This becomes even more evident when we consider
the Bloch vector of the spin ensemble before and after
measurement. The expectation value 〈~S〉 for both states
can be calculated in a straightforward manner. One has
FIG. 3. Disturbance measured by the quantum fidelity be-
tween the pre- and post-measured states as function of ∆
for N = 1, 2, 3 (from bottom to top). The solid lines cor-
respond to the exact expression, Eq. (7), while the dashed
curves are the lowest-order approximations for large N , D ≈(
1 + 8∆2/N
)−1
. The points on the curves indicate where
∆ = ∆opt.
〈Sx〉 = 〈Sy〉 = 0 for both |↑〉⊗N and ρpost. For the z
component, we find 〈Sz〉|↑〉⊗N = N/2 and 〈Sz〉ρpost =
1
6N
[
1 + e−1/(8∆
2)
(
2− 1/(2∆2))] = N/2− 1 +O(1/N),
where the last expression holds for ∆ = ∆opt. In words,
the length of the post-measured Bloch vector is only min-
imally reduced. A repetition of the measurement will give
almost the same information about the Bloch vector than
the first one. This is in stark contrast to some other opti-
mal measurement strategies. For example, in Ref. [2], the
single-spin measurements in a random direction leaves
behind a completely depolarized product state; therefore
making it impossible for a different pointer to gain any
information about the initial state in a subsequent mea-
surement.
VII. DISCUSSION AND OPEN QUESTIONS
In summary, the simultaneous measurement of the
noncommuting observables Sx, Sy and Sz can be made
highly sensitive and hardly disturbing in a regime where
the coupling to the pointers is relatively weak. This
holds true in particular for large spin ensembles. Via an
approximate Trotter expansion, our results also guide a
quantitative analysis of proposals [6] for sequential mea-
surements of noncommuting observables in the weak cou-
pling regime.
Given the features of the model together with a fairly
simple scheme, the discussed model is reminiscent of a
classical measurement. This observation allows us to
speculate about a general class of “macroscopic quantum
measurements” as measurements within the quantum
formalism with high information gain, low disturbance
and simple physical pointer models. In other words, the
present model could be a starting point to understand
the emergence of classical behaviour of quantum mea-
surements for large systems. It might be interesting to
5study a connection to recent work on classifying differ-
ent levels of simultaneous measurements [15]. Further
research will be dedicated to other schemes of simultane-
ous measurements as a function of coupling strength, in
particular when the observables have well defined macro-
scopic limits such as position and momentum.
It is likely that the very same measurement model
can also be used to illustrate the classical appearance
of macroscopic quantum states by changing the input
state. Suppose a superposition of macroscopically dis-
tinct states (i.e., a Schro¨dinger-cat state) [16] is perfectly
prepared. We expect that the coherence between these
distinct states cannot be witnessed if the system is sub-
ject to a coupling as in Eq. (4). This reflects the basic
idea of einselection [17], where the measurement appa-
ratus takes the role of the environment. In addition, it
would be interesting to see whether the presented cou-
pling could also serve as an illustrating example of quan-
tum Darwinism [18].
Further open questions include a better characteriza-
tion of Fav for N  1 in terms of the precise scaling
with N as well as the robustness with respect to varia-
tions of ∆opt. Also, more realistic initial states, that is,
ones that better match the properties of real-world ex-
amples, are interesting to study. A first attempt would
include nonmaximally polarized and thermal states.
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